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SUMMARY

The thesis is concerned with the study of a possibility to find a common approach to 
self-similar solutions of exact stationary equations of hydrodynamics and 
magnetohydrodynamics and a relationship between the exact solutions and the boundary layer 
solutions.

The thesis considers four the most used systems of coordinates: a Cartesian system, a 
polar one (a particular case of the cylindrical coordinate system, which is usually considered
as a self coordinate system), a cylindrical and a spherical systems (the latter two are 
considered as axially symmetric). The method of investigation is the search for stream 
functions allowing to transform the equations with partial derivatives into ordinary equations 
with the following derivation of equations themselves. Boundary conditions are not 
considered as they do not affect the equation derivation. For the magnetohydrodynamic flows, 
full equations are considered, where no suppositions about electromagnetic magnitudes are 
given, as well as equations in the non-inductive approximation, when induced magnetic fields 
are ignored. 

As examples, some modifications of classical problems of hydrodynamics and 
magnetohydrodynamics are considered. 

The thesis is written in Russian and consists of Introduction, 5 Sections and 
Conclusion. The total number of pages is 182 including 30 figures and 73 references. 

This dissertation is written under the partial support of LZP and ESF. 
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INTRODUCTION

Practical importance of the work. This work is concerned with systematization of the 
existing self-similar solutions of the equations of motion of a viscous incompressible fluid in 
ordinary hydrodynamics and in magnetohydrodynamics. Using a common approach in 
deriving self-similar solutions and the method of variable separation, all possible 
transformations of the hydrodynamic and magnetohydrodynamic equations in partial variables 
into ordinary differential equations have been investigated. Appropriate types of electric and 
magnetic field in the non-inductive approximation have been studied. 

As known, the Navier-Stokes equation has no common solution [54]. With certain 
initial and boundary conditions, it is possible to derive a solution of this equation, but most of 
solutions are approximate, which have been obtained either by a simplified flow model or by 
approximate methods, for example, by asymptotic decompositions. Each of such solutions has 
a restricted area of application determined usually by critical values of some problem
parameters. As a rule, it is necessary to search for solutions for several ranges of parameter
values. Therefore, it is very important to find exact solutions unlimited by either parameter
values.

One of the ways to obtain exact solutions is the self- similar approach [61], implying
that equations with partial derivatives have to be transformed into ordinary differential
equations, moreover, the variable for the ordinary equations is accepted as a combination of 
real variables. The solution of the ordinary equations is simpler than that of the equations with
partial variables, but the application of the self- similar approach is restricted. In other words, 
the scope of problems, which could be solved by such approach, is limited. But the self-
similar solution, which to some extent is an approximation, allows at least to define main
features and parameters of the flow. Besides, the self-similar solution allows also to apply the
once obtained solution to all similar problems by simply varying the values of the necessary
parameters. Another application of the self-similar solution is its use like some initial 
approximation when solve (also numerically) a complicated problem, which cannot be solved 
as a self-similar problem [45]. 

The above-described method is applicable not only in hydrodynamics, but in 
magnetohydrodynamics as well. It is frequently used in the boundary layer theory because the 
proposed by L. Prandtl [28] transition from the Navier-Stokes equations to the boundary layer 
equations changes the type of differential equation from elliptic to parabolic that makes easier
to introduce the self-similar variable. It is also possible to derive a boundary layer solution if
in the exact solution (i.e., in full Navier-Stokes equations, where none of the terms is ignored) 
some parameter, characterizing the flow, tends towards some critical value. From the point of 
view of the equation, the tending of the parameter towards a critical value means that some
terms become infinitesimally small if compared to other terms. As a result, it is possible to
derive a boundary layer equation [43]. 

One more way to transform an equation with partial derivatives into an ordinary 
differential equation is the method of separation of variables. This method has a restricted 
area of application, too, but like the self-similar method, it allows to analyze the flow in a first 
approximation and apply the obtained solution as zero iteration for further investigation. 

The self-similar approach is widely used in hydrodynamics and 
magnetohydrodynamics. There is a large number of problems solved within the framework of 
the discussed approach. This can be illustrated by the following examples: overflow of a 
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semi-infinite plate by a running-on uniform flow (Blasius problem) [4], the Schlichting jet
[68], the Akatnov near-wall jet [36], the problem of the front critical point (flow leaking-in on 
a flat surface) [68], mixing of parallel uniform flows (Görtler problem) [10], the Couette flow 
between parallel plates [68], the flow in a flat confuser (Polhausen problem) [26], the Hagen-
Poiseuille flow in a tube [68], stratified flows (the flows with one velocity component) [68]. 
These problems have been formulated and solved in the Cartesian system of coordinates. 
Many problems have been solved in other coordinate systems, too. For example, a flow in 
confuser/diffuser (the Hamel flow) was solved in the polar system of coordinate [11]; the 
rotation of a disc in an infinite volume of fluid [14], a flow between two rotating discs [44], 
[49], a flow between two rotating discs of arbitrary shape [42], a circular Yatseev-Squire jet 
[73], [32], [33], a Loitsyansky radial-slot jet [59], a swirled flow in a tube [35], [65], a flow 
between two rotating co-axial cylinders (a circular analogue of the Couette flow) [68], a flow 
between two cones [62] were solved in the cylindrical coordinate system; in the spherical
coordinates: a Landau jet [56], a Yatseev-Squire jet [73], [32], [33], a flow in a funnel with a 
vortical thread [70], a flow with a linear source in a circular cone [70], a flow with a linear 
injection/suction [70]. This list is far from being complete, nevertheless, it illustrates the
applications of the self-similar approach as to a solution dependent on the combination of
variables as to a case with variable separation. The derivation of self-similar solutions as well
as the study of classical problems of stability are of interest nowadays, too ([1], [7], [8], [22], 
[23], [24], [25], [45]). 

Most of the above said problems were considered for magnetic field cases that points 
out the applicability of the discussed method to transition from the equations with partial 
derivatives to ordinary differential equations in magnetohydrodynamics as well (see, e.g., 
[20], [29], [30], [31], [38-42], [43], [67], [69], [70], [71], [72].) 

It can be added that only a small part of the above problems was solved in exact 
formulations, they were mainly solved in the boundary layer approximation. The same is 
referred to magnetohydrodynamics. Only a few exact solutions have been derived. It would be 
useful to determine for which cases exact solutions can be obtained in different coordinate 
systems.

The common feature almost for all self-similar problems is the fact that the solution
begins with the derivation of a self-similar variable and self-similar equations, though it is 
done independent on the already solved problems. Common is just the approach. Yet, as 
E.Shcherbinin showed in his works ([38], [39], [40], [69], [71], [72]), all problems of the self-
similar boundary layer are described by the only equation (in the hydrodynamic case) 
determined by a small number of coefficients, characterizing all peculiarities of the problem.
Hence, there is no sense to derive this equation again and again – it is enough to define the
values of the equation coefficients determined by the problem formulation. The same can be 
referred to magnetohydrodynamics – only the number of equations increases. The same
common approach allows to obtain some flow characteristics (usually integral such as
flowrate, impulse, and so on) without solving the equation itself, i.e., no calculation of the 
velocity field. 

Besides, the existence of common equations, relating the fluid flow and the magnetic
and electric fields, allows to define the types of appropriate electric and magnetic fields,
which can be applied at problem formulation. i.e., from the given distribution of electric and 
magnetic fields one can decide whether it is possible to solve this problem in a self-similar
approach or by the method of separation of variables. On the other hand, while choosing a 
way to make a problem solved in the self-similar approximation magnetic, one has to choose 
from a set of fields, which keep on the problem self-similar and affect the conducting fluid 
flow.

Defended statements. The following statements are defended in the thesis.
1. In each of the coordinate systems in question it is possible to derive universal 
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equations or systems of equations by the method of separation of variables and/or by 
the self-similar approach, which describe all possible versions of self-similar
problems both in the precise formulation and in the approximation of boundary layer. 
To derive equations, describing a specific problem, from the problem conditions it is
necessary to define some coefficients in these equations (e.g., configurations of the 
flow zone, boundary conditions, external fields and so on). 

2. In the non-inductive approximation, there are the well-defined types of electric and 
magnetic fields that maintain the problems self-similar.

3. The method of variable separation is applicable only in polar and spherical
coordinate systems. It is impossible to derive a boundary layer equation in these 
coordinate systems. To derive such a solution, it is necessary to solve exact 
equations, but the formation of a boundary layer is provided by changing a typical
parameter (or parameters) of the problem.

Scientific novelty of the work. So far, the possibility to derive self-similar solutions in the
framework of the boundary layer theory for the cylindrical and spherical systems of 
coordinates has been completely enough analyzed [43]. The application of the common 
approach to the problems under discussion in the Cartesian and polar coordinate systems was 
begun in the monograph [72] and relevant publications ([38], [39], [40], [69], [70]). Within
the framework of this work, it is attempted to consider all possible versions of self-similar
solutions as in precise formulation as in the boundary layer approximation for the four most
used systems of coordinates. The work does not consider separately a version of 
transformation of the exact solution in the Cartesian and cylindrical coordinate systems to the 
boundary layer solutions by tending the parameter towards infinity. 

At the same time, the derivation of ordinary differential equations by the method of 
separation of variables was considered only for the polar and spherical systems of 
coordinates, and in an inexplicit form for the cylindrical coordinate system ([43] [71], [72]). 
This work investigates a possibility to apply this method as to exact solutions as in the 
boundary layer approximation.

The obtained results can be applied also to investigate convective flows and flows 
with impurities. Partially, it is shown in the book [72]; some materials of which are included 
in the thesis.

The methods and the obtained results can be used in different areas of hydrodynamics
and magnetohydrodynamics such as the theory of electrovortical flows, electroslag melting,
plasma control, etc., where the interaction of the moving liquid and electromagnetic forces is 
significant. For example, a circular analogue of the Couette flow in a magnetic field is 
investigated to explain (understand) the phenomena occurring in stars [29]. 

The thesis considers the problems of hydrodynamics and magnetohydrodynamics,
illustrating the proposed method applications and the derivation of boundary layer solutions
from exact equations. It also discusses the influence of suction and injection of the fluid on 
the flow pattern. Some results obtained previously by other authors have been specified; the 
stability of some magnetohydrodynamics flows determined by the interaction of magnetic
field and suction/injection was investigated. 
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Summary
Section I. Exact solutions in hydrodynamics 

In this section, possibilities to transform the equations of hydrodynamics, which are
equations with partial derivatives, into ordinary differential equations by introducing a self-
similar variable and by separating the variables are considered. Four coordinate systems are 
used: Cartesian, polar, cylindrical and spherical (the latter two coordinate systems were used 
in an axially symmetric case). The method of investigation is the following: types of variables 
and stream functions, which allow to transform the hydrodynamic equations with partial 
derivatives into ordinary differential equations, are found; then possible formulations of the 
problem and boundary conditions, which satisfy the derived equations, are considered.
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I.i. Short survey of literature 

Here a short survey of literature is presented concerned with the solution of
hydrodynamic problems in exact formulation in the considered coordinate systems.

I .1. Exact solutions in the Cartesian coordinates 

In the Cartesian coordinates it is possible to derive a precise self-similar solution only 
when choose the self-similar variable and stream function as 

fAxBy , ,
and possible flows are described by the equation 

01112123112424
222222 IVfffffff .

Should the method of variable decomposition is applied, the stream function should be 
byaxg ,

and the equation of motion reads 
0IVggggga .

Some solutions of this equation 
axxg 6 ; 21 CxCxg .

The first of the above two solutions has never been met in literature. 

I.2. Exact solutions in the polar coordinates 

It is shown in the polar coordinate system that only the method of variable separation 
is applicable. It is possible to derive equations dependent as on the variable  as on the 
valuable r, with the stream function in both cases in the form frR .

In case when the equations depend only on the variable , the equation of motion
turns out 

024 ffff IV .
In such formulation the stream function and the velocity component are the following 

f , rfVr , 0V ,

that corresponds to radial spreading over or draining of the liquid from a liner source/drain. 
In case the equations depend only of the variable r, then Caf 1 . At 0C  the 

equation of motion reads 

IVR
r

R

r

R

r

R

r

R
R

r

R

r

R

r

R

r

R
Ra 2

2321 .

In such formulation 
rRa1 , rRaVr 1 , RaV 1 .

Since there is no limitation for the function f , so it can be presented as 0f ,
and the equation of motion transforms to 

02
23

IVR
r

R

r

R

r

R
,

whose solution is an expression like 
DrCBrrArrR ln1ln 22 .

In this case, rRconst , where rR  is determined by the equation solution, and the 
velocity components are 

0
1

r
Vr ,

r

C
BrrAr

r
V 21ln2const .
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In such formulation only viscous inertia-free (Stokes) rotational motions of the liquid 
are possible.

Along with the above cases, other versions of the stream function can exist, which 
transform the hydrodynamic equations to ordinary differential equations. In some cases, the 
stream function appearance is determined by the flow geometry, and the method of separation 
of variables is not always applicable. 

I.3. Exact axisymmetric solution in the cylindrical coordinates 

Exact solutions have been derived in the cylindrical coordinate system by applying 
both the self-similar approach and the method of variable separation. The author shows that 
the transformation of the Navier-Stokes equations is possible only if choose the variables and 
the stream function in one of the following versions: 
1) rCVfrAzrB ,, ;

2) zCVfzArzB ,, ;

3) CVAzfBr ,, ;

4) rzaaVrRza 611 , ;

5) zra 2
3 , zraaV 83 .

Version 3) was derived by the self-similar approach, but in form it is a variable 
separation. Its difference from version 4) is in different azimuthal velocities. 

For each version the author has derived sets of equations, which can be applied 
without any additional transformations as soon as the type of constants in variables and 
stream functions is determined.

I.4. Exact axisymmetrical solution in the spherical coordinates

It is shown that in the spherical coordinate system the method of separation of 
variables is only applicable. It is possible to derive equations dependent only on the -
variable, with the stream function presented in the form R  and the azimuthal 

velocity as 
R

V  . A corresponding set of non-linear ordinary differential equations is 

2
23 sin

4
1

sin

ctg

sin

2cos2

sin

3

sin

ctg3

23 sin

5

5

8

8

5
ctg4

sin2

cos33cos3

sin

1 IVctg2

0sin2cos2 2

cossincossinsin 22 0sin F .

I.5. Conclusions 

Here the results of Section I are presented in short.

Section II. Solutions in the boundary layer approximation in hydrodynamics 

In this section, the author discusses some possibilities to derive self-similar solutions 
for the boundary layer problems in hydrodynamics. The study was carried out for the 
following cases: 1) plane flows in the Cartesian and polar coordinates and 2) axisymmetric
flows in the cylindrical and spherical coordinates. As a result, types of variables and stream 
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functions were obtained allowing to transform the Navier-Stokes equations to ordinary 
equations. In some cases, solutions of these equations were derived and corresponding 
problems formulated, which are described by these solutions. It has been shown that the 
boundary layer equations coincide with the exact equations in the polar and spherical 
coordinates.

II.i. Short survey of literature 

In this section a short survey of literature is presented concerned with the solution of 
boundary layer problems in hydrodynamics in the considered coordinate systems.

II.ii. Preliminary remarks 

This section shortly presents the basic statements of the boundary layer theory in 
hydrodynamics.

II.1. Boundary layer in the Cartesian coordinates 

To transform the Navier-Stokes equations into self-similar boundary layer equations it 
is necessary the self-similar variable and the stream function to present as fAx1  , 

Bxy , with the inequality 1 being satisfied. A general equation of motion for 
plane boundary layer flows has been derived: 

0311 ff
AB

ff
AB

f IV .

To make the equation dimension-free, the coefficients A and B must have the 
following dimensionalities:

TLALBTLAB 112 ,, .
The method of separation of variables in the boundary layer theory is inapplicable 

because it is impossible to estimate the orders of terms in the Laplace operator and determine,
under which conditions and which terms can be ignored. At 0  the first term in the
Laplace operator is automatically turned to zero. This does not contradict to the condition

1 , but in fact we have an exact solution, which at the same time is a solution in the 
boundary layer approximation, and the type of the variable and stream function corresponds 
to the method of variable separation. 

II.2. Hydrodynamic boundary layer in the polar coordinates 

The polar system of coordinate does not allow to apply the Prandtl approach because
there is no possibility to estimate the orders of terms in the Laplace operator. Therefore, exact
solutions must be derived. 

II.3. Hydrodynamic axisymmetric boundary layer in the cylindrical coordinates 

Within the framework of self-similar approach, the following versions to derive 
boundary layer solutions are proposed: 

1. ,rzB frA , drCV ,
2

2
2

z
E , 2 , 12d , 1 ,

1, ;1d

12



2. ,rzB fzA , dzCV ,
rrr

rE
12 , 1,

2
1d , 1 ,

;1d

3. ,rB fzA , dzCV ,
rrr

rE
12 , 0 , ( );0C 0V

4. ,rB fzA , dzCV ,
rrr

rE
12 , 0 , ;0d

5. ,rB fzA , dzCV ,
rrr

rE
12 , 1,  ( );0C 0V

6. ,rB fzA , dzCV ,
rrr

rE
12 , 1, ;1d

7. ,rB fzA , dzCV ,
rrr

rE
12 , 1, ;0d

8. ,zB frA , drCV ,
2

2
2

z
E , 2 , 0C  ( );0V

9. ,zB frA , drCV ,
2

2
2

z
E , 2 , 1d .

It is shown that some of the above versions allowing to derive boundary layer 
solutions are at the same time exact solutions. These are versions 3 – 9. The thesis presents as 
the corresponding sets of self-similar equations as the analysis of possible problems for each
version. Formally, four types of self-similar boundary layers have been obtained, two of 
which are well-known and described in literature, and other two have not been ever derived 
and interpreter physically. Further, these types of boundary layers have not been studied. 

The method of separation of variables in the boundary layer approximation is
inapplicable here. More precisely, this method does not allow to estimate the terms’ orders in 
the operator 2E  and ignores one of them in favour of the other. In fact, the considered
versions 3 – 9 are themselves the method of variable separation. 

II.4. Hydrodynamic axisymmetric boundary layer in the spherical coordinates 

The spherical coordinate system does not permit to apply the Prandtl approach 
because there is no possibility to estimate the orders of terms in the Laplace operator.
Therefore, exact solutions must be derived. 

II.5. Conclusions 

This subsection presents in short the results of Section II. 

Section III. Exact solutions in magnetohydrodynamics

This section considers possibilities to derive exact self-similar solutions in 
magnetohydrodynamics, namely, with account for the influence of electromagnetic forces 
from external and induced electric and magnetic fields on the conducting liquid. Types of 
electric and magnetic fields are defined, allowing to transform the magnetohydrodynamic
equations to ordinary differential equations. Possible types of self-similar hydrodynamic,
electric and magnetic stream functions and magnetohydrodynamic equations have been 
derived. The non-inductive approximation is also considered, which is frequently used in 
practical calculations. 
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III.i. Short survey of literature 

In this Section a short survey of literature is presented concerned with the solution of 
problems in exact formulation in magnetohydrodynamics in the coordinate systems
considered here. 

III.1. Magnetohydrodynamic equations 

This subsection presents general magnetohydrodynamic equations and the boundary 
conditions for electric and magnetic fields. 

III.2. Plane MHD flows in the Cartesian coordinates

It is shown that within the framework of precise approach (with no approximations)
the attempt to derive self-similar solutions results in a fact that the only applicable magnetic
field does not affect the velocity field. The same can be referred to the electric current passing 
in the liquid. 

If apply the method of variable separation, the hydrodynamic and magnetic stream 
functions (the electric current will not affect the plane flow) must be chosen as 

byaxg , byaxgc 22 .
Possible flows and magnetic fields are determined by the equations 

02222
0

2
IVggggg

ac
gggga ,

02220 ggggga .

These equations have not been met in literature previously. 

III.3. MHD flows in the polar coordinates 

It is shown that in this coordinate system it is possible to derive equations determined
by the variable r only, with the stream functions  and 2  presented as 

rRkarRa 22, .

III.4. Axisymmetric MHD flows in the cylindrical coordinates

The author shows that to transform the exact Navier-Stokes-Maxwell equations into
ordinary differential equations by the self-similar approach and by the method of variable 
separation, the stream function and the variables must be taken in one of the below forms:
1) 2211 ,,,, frDfNrCVfrAzrB ;

2) 2211 ,,,, fzDfNzCVfzArzB ;

3) 2211 ,,,, fzDfNCVAzfBr ;

4) rRzdrRzgrzaaVrRza 2211611 ,,, ;

5) zra 2
3 , zraaV 83 , zrg 1

2
1 , zrd 2

2
2 .

These results are in a good agreement with those in [43], but the performed analysis
differs from [43], moreover, version 2) is not mentioned in [43]. The thesis presents the 
ready-to-use sets of ordinary equations for each version. 
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III.5. Axisymmetric MHD flows in the spherical coordinates 

To derive exact solution in the spherical coordinate system, the stream functions must
be presented as 

R , 202101 , R ,
R

V .

In the thesis the ordinary equations related to the -variable have been transformed
by the method of separation of variables. 

III.6. Non-inductive approximation 

Often at considering the magnetohydrodynamic flows the so-called non-inductive 
approximation is used, which considers electric currents induced by the motion of conducting 
liquid subject to a magnetic field, but does not consider the induced magnetic fields. 

The general principle of the non-inductive approximation is the following [43], [71], 

[72]): the magnetic stream function 2  is presented as a series 
0

22
n

n

n  with a small

non-dimensional parameter - the Batchelor number 0 , which under the terrestrial 

conditions is of order , where 76 1010 20  is the undisturbed by the liquid motion

external magnetic field. Only the series terms 20  and 21  affect the liquid motion, the others

have a higher power in  and can be ignored because of the smallness of .

III.6.1. Non-inductive approximation in the Cartesian coordinates for plane flows

In the non-inductive approximation and using the self-similar approach, the magnetic
field, similar to that in the exact formulation, does not affect the velocity field. 

It is shown that the application of the method of variable separation in the non-
inductive approximation there is only one version, which permits to formulate the 
magnetohydrodynamic problem, i.e., the flow in a magnetic field with a neutral point: 

ycaxa 212 .
The equation of motion in this case reads 

02
21211

2
1

0

2
IVgggggagaxagaxaaga

c
.

III.6.2. Non-inductive approximation in the polar coordinates

The non-inductive approximation provides some possibilities to obtain applicable 
magnetic fields (similar to in the Cartesian coordinates the electric current does not affect the
velocity field):
1) 20 ( ) ( lnA B C r D) ,

2) 20 ncosnsin BA nn rDrC

3) 20
nn eBeA r)ln(ncos)lnn(sin DrC

Such magnetic fields require no special passing of the electric current  because the 

above solutions have been derived from the equation .

Examples of some possible fields are considered here and illustrated in Fig.III.1.

jz

zz jB )()(rot0 020
2

While deriving equations dependent on the -variable, it turns out that the only
possible problem about a really radial diverging (diffuser) and converging (confuser) MHD 
flow in the azimuthal magnetic field induced by a linear current circuit can be considered,
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which is described by the equation 
f f f f fIV 4 2 Ha 2 0 .

const < 0

const > 0

const < 0

const > 0

h)
g)

f)e)d)

c)b))

r

r

0

0

r

0

r 0 r

rr00 r

r0

0

r0

Fig.III.1. Configurations of magnetic force lines for different separation constants n:
), b), c), d), e)  – n 0; f), g) – n 1; h) – n  2.

While deriving equations depending only of r, we have that the stream function should 
be taken as rRa , 20 m C r D( ln ) , and the equation of motion reads as 

E E R2 2( ) a
R

r
E R

R

r
E R( )2 2

4

2

22

2

)ln(
1ln

r

RC
R

r

C
DrCR

rr

R
C

r

DrCm
.
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The equation becomes simpler if assume C = 0: 

E E R2 2( ) a
R

r
E R

R

r
E R( )2 2 Ha 2 1

r

R

r
,

where
m D2 2

. Moreover, the external magnetic field is pure radial: Ha 2

B m D r Br / , 0

and in this formulation it does not forcely affect the flow field because of the presence of the 
azimuthal velocity V .

The method of separation of variables is not the only way to derive Navier-Stokes-
Maxwell ordinary differential equations. The hydrodynamic stream functions can be 
presented as

B f l r( ) ( ) ln .

It this case, to derive an ordinary differential equation relative to , we must accept l ( )
const. Then, 

V B f r V l rr r( ) / , ( ) / /const .

III.6.3. Non-inductive approximation in the cylindrical coordinates 
in an axisymmetric case 

The same classes of solutions as in the full formulation are considered in the non-
inductive approximation and applicable magnetic fields are defined: 
1) 22011 ,,,, frDfNrCVfrAzrB .

The magnetic field is defined by the function
2

12 1
B

Cf ,

which  corresponds to the field of a magnet, whose one pole is a symmetry axis Oz, the other 
pole is a cone-like surface. 
2) 22011 ,,,, fzDfNzCVfzArzB .

The magnetic field is defined by the function

2

22

212
B

B
CCf ,

which at  by accuracy to the sign coincides with the magnetic stream function from
version 1. 

01C

3) 22011 ,,,, fzDfNCVfzABr .

The magnetic field is defined by the function

2
22

12
2

12 22 CrBCCCf .

At ,  the induction compounds of such a field correspond to a magnetic

field with a neutral point. At 

01C 02C

01C , 02C  the magnetic field lines are straight lines
perpendicular to the z-axis that corresponds to a radial magnetic field, whose intensity 
decreases farther from the symmetry axis. 

4) rRzdrRzgrzaaVrRza 22011611 ,,, .

The magnetic field is defined by the function

2
2

120 2 CrCzd .

This magnetic function coincides with the magnetic function of version 3. 
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5) zra 2
3 , zraaV 83 , zrg 1

2
1 , zrd 2

2
20 .

The magnetic field is defined by the function

21
2

20 CzCrd .

This is a magnetic field with a neutral point. 
No other versions exist. 

III.6.4. Non-inductive approximation in the spherical coordinates 
in an axisymmetric case 

In the non-inductive approximation the stream function remain the same as in exact 
formulation, and the magnetic stream function is defined by the expression 

cos122 CCDR .

At , the magnetic field described by this formula is a radial field, and at 

, it corresponds to a field, whose one pole is a symmetry axis Oz, the other pole 
is a cone-like surface. 

0,0 12 CC

0,0 21 CC

III.7. Conclusions 

In this subsection one can find the results of Section III presented in short. 

Section IV. Boundary layers in magnetohydrodynamics 

This section considers possibilities to derive boundary layer magnetohydrodynamic
solutions by choosing an electromagnetic term in exact formulation and in the non-inductive 
approximation. The study is performed with reference to the results obtained in Sections II
and III. In accordance with these results, no polar and spherical coordinate systems are 
considered (exact equations must be considered in these coordinate systems) as well as the
method of variable separation. 

IV.i. Short survey of literature. 

This subsection presents a short survey of papers concerned with the theory of 
boundary layer in magnetohydrodynamics in the considered in the thesis coordinate systems.

IV.1. Plane MHD layers in the Cartesian coordinates 

To modify the equations, the self-similar variable and the stream functions must be presented 
as

xy , ,Bxx fAx , 22 fDxd ,
where the power induces are related as 

1d , 1.
There are two ways to make the equation of induction self-uniform: 1) 3

1 , 0K ;
and 2) . The first way means that a direct current passes in the liquid along the Oz-axis,
but this is possible only at one predetermined value of 

0K

. In the second case, no current
passes.
 If 0,1 , we have here the separation of variables. Moreover, this solution is
an exact solution because no approximation is used. Yet, at the same time, it is a boundary
layer solution. 
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IV.2. Axisymmetric MHD boundary layers in the cylindrical coordinates

It is shown here that in the cylindrical coordinate system there are seven possible ways 
to transform the MHD boundary layer equation in exact formulation into ordinary differential 
equations (corresponding set of equations are presented in the thesis, they are numbered
similarly).
1. ,rzB frA , 22 frD , drCV , 1

1
1 frN d ,

2

2
2

z
E , 2 , 1

2
d , 1 , 1, 1d ;

2. ,rzB fzA , 22 fzD , ,dzCV 11 fzN p ,

rrr
rE

12 , 1,
2

1d , 1p , 1 , 1d ;

5. rB , fzA , 22 fzD , ,dzCV 11 fzN p ,

rrr
rE

12 , 1,  (0C 0V ), 1p ;

6. rB , fzA , 22 fzD , ,dzCV 11 fzN p ,

rrr
rE

12 , 1, ,1d 1p ;

7. rB , fzA , 22 fzD , ,dzCV 11 fzN p ,

rrr
rE

12 , 1, ,0d 0p ;

8. zB , frA , 22 frD , drCV , 11 frN p ,
2

2
2

z
E ,

2 ,  (0C 0V ), ;2p

9. zB , frA , 22 frD , drCV , 11 frN p ,
2

2
2

z
E ,

2 , , .1d 2p

IV.3. MHD boundary layers in the non-inductive approximation 

To derive self-similar MHD boundary layer solution in the non-inductive 
approximation, we refer to and use the results obtained previously in this Section and the 
theory discussed in subsection III.6. 

IV.3.1. Plane MHD boundary layers in the Cartesian coordinates 
in the non-inductive approximation 

In the non-inductive approximation, it is necessary to consider additionally the electric stream
function 1 :

xy , ,Bxx fAx , 11 fxN , 220 fDx d ,

with the relation between the powers like 
1 , 1d ,  – any, 1.

Here a unique set of self-similar solutions is presented. Analysis of the induction 
equation shows that to make it self-similar there are two ways: 1) 0,31 K , and 2) 

. In the first case, we get a problem, where the magnetic field is determined by 0K
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3
2

2
3

11
2

21
2

2
1

20 22
xDCx

B

yDCyK
CC

D

KB
Dx .

This stream function describes the combination of three magnetic fields: the first term
corresponds to a magnetic field, whose force lines are parallel to the x-axis and the induction 
of which increases linearly with the increase of y; the second term corresponds to a magnetic
field, whose force lines are described by an equation 31xconsty  (hyperbolic curves) and 
thicken at the y-axis and the induction decreases further from the coordinate origin (this 
magnetic field is similar to a magnetic field with a neutral point); the third term corresponds 
to a magnetic field, whose force lines are parallel to the y-axis and the induction decreases 
further from y.

In the second version of the induction equation at K = 0, the magnetic stream function 
is determined by the expression 

212 CCf , 1
2

211
2

11
20 xCxy

B

DC
C

xB

yC
Dx ,

describing a magnetic field, which is a combination of the following fields: the first term 
corresponds to a field, the force lines of which are described by the equation ;
due to the values of

12xconsty

1, it is possible to produce different fields: at 0  a magnetic field 

with a neutral point, at 2/1  a uniform longitudinal magnetic field 0, yx BconstB ;

the second term corresponds to a field, the force lines of which are oriented parallel to the y-

axis ( constx ) .xCBB yx 1,0 2

It is possible to derive a solution, which, by accepting 0,1 , simultaneously is 
an exact solution and a boundary layer solution. In this case, the self-similar solution 
coincides in appearance with a solution derived by the method of variable separation. The 
only applicable in this case field is the field with a neutral point. 

IV.3.2.Axisymmetric MHD boundary layers in the cylindrical coordinates 
in the non-inductive approximation 

There are nine versions to transform equations in the non-inductive approximation.
Both the sets of equations and applicable magnetic and electric fields (in some versions) have 
been derived. 
1. The magnetic stream function 

2

1

1

2

2

1

120

~~~~
CrzBCrDCCrD .

At , the force lines are determined by a condition0
~

1C constr 2 . This field is parallel

to the symmetry z-axis. Herewith, only at 0  the magnetic field is uniform; at other

1 values the density of magnetic force lines depends on . At , the 
magnetic force lines are located at the surfaces of rotation, whose generators are determined
by a power function 

0
~

2C

22/ rconstz  ( 022 ), moreover, as  increases, the force
lines thicken at the symmetry axis, and the r-component of the field does not depend on z. For 
example, at 21  the magnetic force lines are located on surfaces, the generators of 

which are hyperboloids rconstz . At  and , we get different combinations of 
these two versions. 

0
~

1C 0
~

2C

20



2. The magnetic stream function is the following: 

2
2

2

1

2

20

~

2

~
Crz

CB
zD .

At , the force lines of magnetic field0
~

1C 020  correspond to a definitely radial

magnetic field. At , due to the sign in the expression 0
~

2C 21 , the force lines are 

either on paraboloids ( 1210 ) or on hyperboloids ( 021 ) of rotation; at 

021 , we have a uniform axial magnetic field constBz .
3. The magnetic and electric stream functions are defined by the expressions 

2

2
1

1

~

2

~
C

C
f , 2

2
1

2
ˆ

2

ˆ
C

C
f ,

moreover, to consider the MHD problem, we must assume . Hence, no electric current
passes in the liquid, and the magnetic stream function reads 

0
~

1C

2
2

2
1

20
ˆ

2

ˆ
Cr

BC
zD .

The magnetic field described by this formula is a combination of a radial field and a 
field with a neutral point. 
4. The magnetic stream function is the same as in version 3. 
5. The magnetic stream function is the same as in version 3. the electric stream function is
defined as 

2

2
1

1

~

2

~
C

C
f .

Formally, one can derive an equation to define the hydrodynamic stream function f:

0
~

2
~~

2 2
2

12 fCCfC ,

a solution of which a function (C is the constant of integration)

C
C

Cf
2

2
1

~
2~

.

Yet, generally, it is impossible to learn whether this function, being substituted into the 
equation, is the solution because the values of the constants A, B, D and the constants of
integration must be known. 
6. The magnetic stream function is the same as in version 3. 
7. The magnetic stream function is the same as in version 3. In this case, the azimuthal
rotation and the electric current do not affect the axial and radial velocities, but have to “tune 
up” with them. 
8. The magnetic stream function is defined by the expression 

2
2

2
120 rCDrzBCD ,

that  corresponds to the magnetic field with a neutral point. The relation between the magnetic
and electric stream functions is found: 

21 fCf  , 
hence, the electric stream function is of the same type as the magnetic one: 

21211
ˆˆˆˆ CzBCCCf .

Substituting this expression into the equation of motion formally yields the hydrodynamic
stream function f:

0f ,

that is insignificant. A non-trivial solution is yielded if set . Then, there are two ways:0ˆ
1C

21



either  or . The first version means that no electric current passes through

the liquid (

0ˆ
2C constf2

01 ), the second one means that the liquid flow is subject to a uniform axial 

magnetic field 2
220 rDC , 22DCBz , 0rB .

9. The magnetic stream function is the same as in version 8. In contrast to version 8, in the
framework of this version, problems with the azimuthal (rotational) velocity can be 
considered.

Versions 5 – 9 are not only solutions in the boundary layer approximation, but also 
exact solutions and correspond to the method of separation of variables. 

IV. Conclusions 

The results obtained in Section IV are presented in short. 

Section V. Some self-similar problems
for hydrodynamics and magnetohydrodynamics 

In this Section, some hydrodynamic and magnetohydrodynamic problems are 
considered, which can be solved in the self-similar formulation in the approach proposed in 
Sections I-IV of the thesis. As examples, MHD analogues of well-known hydrodynamic
problems are chosen as well as modifications of the problems with introduced suction and/or 
injection through solid walls. 

V.1. MHD flows in diffuser and confuser 

The Hamel flow with a velocity field
V f r Vr / , 0  in a magnetic field induced by a 

linear current circuit rCB /  is considered. Let us 

consider an approximate solution of this problem in the 
polar coordinates in the non-inductive approximation, for 
large Hartmann numbers. The separation of variables is
inapplicable in this case, and the stream functions have to 
be chosen with reference to flow peculiarities. 

B /2

Vr

- /2

Schematically, the flow is illustrated in Fig.V.1.
The hydrodynamic and magnetic stream functions with 
account for the type of velocity components and magnetic
field are the following: 

Fig. V.1. Schematic presentation of
the flow in a flat diffuser in an
azimuthal magnetic field. 

rV rf / , 0V , f ,

0rB , rlB , rl ln20 .

The equation of motion is 
f f f f fIV 4 2 Ha 2 0 ,

where Ha 2 2l , the no-slip boundary conditions on the diffuser (confuser) walls with 

the angle of opening :
f ( / )2 0 ,

the symmetry of velocity profile 
f ( )0 0

and the integral condition of flowrate conservation 

V r dr

/

/

2

2

Qdf
2/

2/

.
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If denote the magnitude Q /  through the Reynolds number Re, the condition of 
conservation reads: 

f d
/

/

Re
2

2

,

where (+) is referred to a diffuser flow and (–) to a confuser one. 
An approximate solution at large  can be derived by a known method of exchange 

of the sought function and variable, according to . In order to 
retain identity of the expression for the radial velocity, we set

Ha 2

f F( ) ( ),Ha Ham n

Ff and  as 

 and, assuming n  –1 to keep balance between the viscous and 
electromagnetic terms of the equation of motion, we have 

nm,)(Ha)( nm Ff

0Ha)24( 2FFFFF IV .

Searching for the approximate solution (165) as a series in reverse powers of

 yields a set of equations for sequential approximations of equation 

solutions.

Ha 2

F = (Ha 2 n

n=0
n) F

At transition in the derived solutions to the limiting case Ha , the velocity on the 
symmetry axis 0  with an accuracy of term order of –3 is 

f ( ) / ( Re)0
1

1
2 4 8 5

3

4
2 3 2Ha Ha Ha Ha Ha2 3 3

( Re)
3 .

If Re is of order , the term related to Re in this expression is a correction in case of 

large Re and Ha; if

Ha 2

Ha 2 >> Re, then, the normalized in Reynolds number radial velocity in 
the flow core is 1 /  for both diffuser and confuser flows, and only in a boundary layer of
Ha 1  thickness it decreases to zero. This agrees with the result in [67] and also follows from
the calculation of velocity profiles 

2
10 Hafff ,

the expression for which is presented in two series terms with solution for  and 0F 1F .

There are only few differences in the increasing of the normalized velocity on the 
symmetry axis towards its limiting value 1/  at  in the diffuser and confuser flows. In 
the diffuser flow (+ Re) the axial velocity increases towards its limiting value monotonically
with the increase of Ha. If compare to the confuser flow (–Re), the axial velocity achieves its 
maximum value with the increase of Ha at predetermined  and Re and at a  defined by 
solving a square equation 22 /2)/Re5(12+/Ha4Ha 6 / 0 (e.g., if / 3, Re

100, we have 1.0545 at  13.1), and further, with the increase of Ha

value it approaches its limiting values (see Fig. V.2). Though at a predetermined Re the 
maximum deviation of the velocity from limiting on the axis is comparatively insignificant,
this could reason the non-monotony of the velocity profile found from the analysis of 
confuser flow in general, which is very pronounced at increased Re and predetermined Ha 
values.

|
max

Re)(/)0(f

Friction is found from
HaHa=Ha 10 FFFf ,

and at large Ha and normalization in Re  it reads:

f ( / ) / ( Re )
( Re )

2 1
2 2

3

1
2

Ha

Ha Ha Ha
.

As seen from the limiting formula, the reduction of the angle of opening  results in 
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friction increase at a predetermined Re and 2/Re>>Ha  in the both diffuser (+Re) and 

confuser (– Re) flows. From the same expression it follows that at a predetermined  in the
diffuser flow the increase of Re causes a friction decrease, therefore, at Re >  the flow 

can break off the wall. In the confuser flow, the increase of Re is always accompanied by an
increased friction on the wall. 

crRe

Fig.V.2. Variation of the normalized in Re
velocity on the symmetry axis determined by Re
and Ha values in the confuser flow. Curve 1 – Re

 – 100, 2 – Re  – 200, 3 – Re  – 300, 4 – Re 
– 400, 5 – asymptotic velocity values at large
Ha.

Fig.V.3. Critical Re value vs. Ha at different values 
of the angle of diffuser opening in a logarithmic
scale. Dashed lines illustrate the dependence at  >> 
1.

Of interest is to define the critical Reynolds number determined by  and , at which 
the diffuser flow is just about to break off (as known for the confuser flow, there is no flow
break off from solid walls). The moment of break off is determined by zero friction on the 
wall:

crRe 2Ha3Ha23Ha)+(2Ha3 22 .

This result crucially differs from the one obtained in [67] (  6 ) in a way that 

 quadratically, not linearly, depends on the Hartmann number and, besides,  is 

determined also by the angle of diffuser opening . A more detailed dependence of /  on 

Ha is illustrated in Fig.V.3. As seen, at large Ha, the curves at all values of  become 
asymptotic  3

crRe

crRe crRe

crRe

crRe 2 2. At moderate Ha values, these data are hardly trustable because

the problem formulation assumes  1. 

V.2. MHD flow with suction or injection on a plate in an azimuthal magnetic field in the 
non-inductive approximation 

Such flow illustrated in Fig.V.4 is characterized by setting the hydrodynamic stream 
function as 

rCfB ln)( ,
by a velocity field 

rfVr /)(Re , V r( ) / ,

a magnetic field 
0rB , rlB

and by the magnetic stream function 
rl ln20 ,

And the following equation serves as an equation of motion
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f f f f f fIV 4 2 Re Ha 2 0 ,

where Ha 2 2l .VrB
The considered problem is of the same type as 

the previous one, when the stream functions are chosen 
due to the flow peculiarities. In this case, the separation
of variables is inapplicable.

V
The Reynolds number Re is defined from the

expressions described in the end of subsection III.6.2, 
and the signs determine the flow type: (+) for a diffuser 
(diverging) flow ( ) and (–) for a confuser 
(converging) flow (

0rV

0rV ).
The problem is considered under the following 

conditions: 1) there is a flat wall (plate), on which some
suction (+ ) or injection (– ) intensity of the liquid is set; 2) it is supposed that at some
predetermined Re value, i.e., the source (Re > 0) or the draining (Re < 0) intensity of the 
liquid, placed at the coordinate origin r  0,  >> 1. And the situation itself can be presented 
as follows: there is a vortical thread at the coordinate origin, which, due to [70], initiates
azimuthal rotation V r( ) / , so on the impenetrable solid surface 0 0, r

suction of the liquid takes place (+ ) if assume 0 , i.e., above the surface, and injection 
of the liquid through the same surface if assume 0 , i.e., below this surface. 

Fig.V.4. Schematic presentation of flow
on a plate with suction/injection in an
azimuthal magnetic field.

For the function , the set of boundary conditions is the following: f

f f f( ) , ( / ) , ( / )0 0 2 1 2 0 ,
if consider the radial velocity  alone. f

 If make substitutions f F( ) ( ) / Ha , / Ha  in the equation of motion and 

termwise divide by , it becomesHa 3

0HaHa)Re24( 2 FFFFFF IV .
The second of the above-mentioned conditions, in this case, supposes a possibility to derive 
an approximate solution as a series 

F F( ) ( )a n
n

n 0

.

Substituting the series into the equation and equalizing coefficients in equal powers
 yields a set of equations for sequential approximate solutions of the equation. a

Figs.V.5, V.6 illustrate the results of velocity profile calculation for the diffuser and 
confuser flows at different values of the suction (injection) parameter  and different 
Hartmann numbers from the formula

2
210 Ha)(Ha)()()()( FFFFf

using the obtained solutions. 
In general, the growth of Ha provides flattening of the velocity profile in both flows 

(Fig.V.5b,d; Fig.V.7b,d). 
For the diffuser flow in at a predetermined Ha (Fig.V.5a), the suction of the liquid 

from the plate surface prevents the flow break off from the surface, but its increase testifies to 
a formation of a reverse flow in a distant from the surface zone (curves 4, 5). At some
predetermined , the increase of Ha causes smoothening of the velocity profile (Fig.V.5b). 
The same phenomenon takes place in the confuser flow in Fig.V.6a,b. The liquid injection 
assists to the flow breaking off from the surface in the diffuser flow (Fig.V.5c). 

As to the confuser flow, the breaking off from the surface does not take place even at 
comparatively small Ha and large injection values, but as  increases, there is a tendency to 
and even appears a zone with a reverse flow in an area distant from the surface (Fig.V.6c). At
some predetermined , the increase of Ha causes smoothening of the velocity profile in both 
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flows (Fig.V.5d and V.6d). 
The specific idea about the aforesaid with respect to flow breakaway at the solid

surface can be obtained, if we turn to the large Hartman numbers (Ha >> 1). A simple
expression for friction on the wall reads, then 

,2)Re(
3

2

8Ha

1

2

)(

Ha

1
+1Ha)0(

Ha

1
)0(

Ha

1
)0(Ha)0(

2

22210 FFFf

from which it follows that at liquid suction from the plate surface (+ ) the friction on the wall 
increases, preventing in such a way the boundary layer breakaway in the diffuser flow (+Re). 
The increase of Re in the same flow decreases the friction on the wall, therefore, if the
following condition is satisfied 

Re > crRe 3163+4)(Ha32Ha3 22 ,

Fig.V.5. Distribution of the normalized in Re radial velocity in the azimuthal magnetic field in the diffuser
flow at suction from the plate surface (a, b) or at injection through the same surface ( , ) for predetermined Re = 
100. The curves in the figures correspond to a)  10,  1 (curve 1), 10 (2),  20 (3),  30 (4),  50
(5); b)  50, 10 (curve 1),  15 (2),  20 (3),  30 (4), 50 (5); c)  10,  –1 (curve
1),  –5 (2),  –10 (3),  –20 (4); d)  –20,  10 (curve 1), 15 (2),  20 (3),  50 (4).

the flow breaks off. With no suction or injection (  0), at  >> 1 this formula agrees with 
the formula for  derived in the previous subsection, differing only by the absence of the 

multiplier  at 
crRe

2 that is determined by the difference in boundary conditions.
The critical Re number  is a function of two parameters H  and . In the diffuser

flow at suction of the liquid (+ )  monotonically increases as the both parameters

increase. If the liquid is injected (– ) and the parameter  is predetermined, there is a local 
extremum (minimum) determined by ( ) at point /4 (herewith,  3

crRe

crRe

crRe crRe 2/16).

If Ha is predetermined, the same extremum determined by ( ) appears at point  2

(herewith,  3
crRe

crRe 2 /4).

This conclusion is illustrated in Fig.V.7. In the area above the corresponding curves 
, i.e., we have a breaking away flow, if, for a chosen value of (– ), Re > Ref ( )0 0 cr.

Respectively, the zone of parameters Re and (– ), which is below these curves, denotes a no-
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breaking off flow ( ). At suction of the liquid (+ ), the value of  monotonically

increases with the increase of both parameters Ha and Re. In the confuser flow (–Re), neither 
increase of suction (– ) is capable to initiate a pre-breaking off situation. It should be noted 
that in such flow at predetermined  and Re the dependence 

f ( )0 0 crRe

f ( )0  on the strength of 

suction is minimum at  4 . Herewith, f ( )0 2 + 2Re/3. 

Fig.V.6. Distribution of the normalized in Re radial velocity in the azimuthal magnetic field in the confuser
flow at suction from the plate surface (a, b) or at injection through the same surface (c, d) for predetermined Re =
-100. The curves in the figures correspond to a)  10,  1 (curve 1),  10 (2),  20 (3),  30 (4),
50 (5); b)  50,  10 (curve 1),  15 (2),  20 (3),  50 (4); c)  10,  –1 (curve 1),  –5 
(2),  –10 (3),  –20 (4),  –30 (5);  –50 (6); d)  –50, 10 (curve 1),  15 (2),  20 (3),

 30 (4),  50 (5).

Fig.V.7. Some features of the dependence ( , ) in the diffuser flow. Values of  in the left-hand part

correspond to 

crRe

, i.e., to liquid injection.
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V.3. MHD flow with suction or injection on a plate in a radial magnetic field 

The situation illustrated in Fig.V.8 shows that 
the transformation of the velocity field might take 
place mainly due to an electromagnetic force related to 
the azimuthal velocity and radial field. 

Br

V

Vr

The hydrodynamic stream function, the 
velocity components and the boundary conditions are 
the same as in the previous task; the magnetic stream
function and the magnetic field are described by the 
expressionsFig.V.8. Schematic presentation of a 

flow on a plate with suction/injection
in a radial magnetic field.

)ln(20 DrCm , .0,/ BrlBr

The equation of motion
0ReHa2Re24 2fffff IV ,

where Ha 2 2l , after transformations of f F( ) ( ) / Ha , /Ha=  becomes

0Ha2Ha)(HaRe)(24 2 FFFFF IV ,
with ( ) / ( Re) . It must be solved with the following boundary conditions 

F F F( ) , ( / ) , ( / )0 0 2 1 2Ha Ha 0 .

The problem is solved by the same method as in subsection V.2. 
The velocity profiles are found from the same formula as in the previous subsection: 

2
210 Ha)(Ha)()()()( FFFFf .

Let us define conditions, at which the flow break-off from the overflown surface is 
possible. For the friction on the wall 0 ( )0 , we have: 

2
210 Ha)0(Ha)0()0(Ha)0( FFFf

4

3 3 36 114 12 10

2 2 3 2( ) Ha

( )

( ) Ha

( )

( )2 2

Re Re

Re
.

To define the critical  a square equation is derived: crRe

0cRebRe cr
2
cr ,

where b c/ / / / / , / /3 4 3 36 10 10 3 5 182 2 2Ha / 2 .

Presenting in this way the expressions for b and c, we assume that  and  can have both 

positive and negative values. 
crRe

Solving the square equation 2c4bbRe 2
cr  yields that if c < 0, the sign (+) in 

this solution corresponds to the diffuser flow (  > 0), and (–) to the confuser one. If > 0 

and  0, then  is always positive, and this case can correspond to the diffuser 

flow alone at b > 0. If b < 0, we deal with the confuser flow. 

crRe

cb 42
crRe

Let us analyze first the confuser flow, when Re  can exist only at  < –12 / . At 

 > 0 (suction) this conditions is not satisfied, therefore, no flow break off might takes place 
at suction of the liquid from the flown over plate surface. If –12/  <  < 0, it occurs that at
injection of the liquid there is a zone of (– ) and (-Re) values, where the breaking off 
confuser flow is possible. Calculations of the (– ) dependence in the confuser flow 

(  < 0) for some values of 

cr
2

crRe

crRe 2 are shown in Fig.V.9 . This dependence at a predetermined

 turns out non-monotonic, and when approaches  0 and  –12/ , . The 

zone of no-breaking off flow is below the corresponding curves 1-4 and -axis away from the 
–12/  < < 0 range. In the zone above these curves towards the -axis the flow breaks off. 

0Recr
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Fig.V.9. Recr vs. : ) within 0  –12 , and b) in a range of large . Top of Fig.V.9a denotes diffuser
flow; bottom - confuser flow. Curves are numbered according to Ha: 20 (curve 1), 50 (2), 100 (3), 200 (4). b)
diffuser flow,  6 ( urve 1), 8 (2), 10 (3).
flow; bottom - confuser flow. Curves are numbered according to Ha: 20 (curve 1), 50 (2), 100 (3), 200 (4). b)
diffuser flow,  6 ( urve 1), 8 (2), 10 (3).
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For the diffuser flow with the same  variation range, the formation of no-breaking off 

flow zone is possible in a radial magnetic field in spite of injection (with no magnetic field, 
any injection most likely breaks the flow away). The no-breaking off flow is illustrated at the
top of Fig.V.9 , below the corresponding curves 1-4. Here 

For the diffuser flow with the same  variation range, the formation of no-breaking off 
flow zone is possible in a radial magnetic field in spite of injection (with no magnetic field, 
any injection most likely breaks the flow away). The no-breaking off flow is illustrated at the
top of Fig.V.9 , below the corresponding curves 1-4. Here f ( )0  > 0. In the zone above
these curves, the diffuser flow breaks off ( f ( )0  < 0). When approach the boundaries of this 

variation range, .719.0Recr
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Fig.V.10. Recr vs.  within 0  –12   for the confuser a) and diffuser ) flows.  values: –0.6 (straight
line 1), –1 (2), –6  (3), –3 (4), –12  + 0.05 (5).

 Dependencies Recr on Ha in the same  variation range are shown in Fig.V.10 and are
almost linear for both confuser (Fig.V.10 ) and diffuser (Fig.V.10b) flows. The zone with no 

break off flow lies below the corresponding 
straight lines. The obtained results are
thoroughly analyzed and interpreted. 

2 4 6 8 10 12
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1200

1400

0

Ha

Re

1 1

3 3
2

2
The most interesting thing is that the

solution at rather large | | again predicts the
formation of no-breaking off flow zone (left-
hand part of Fig.V.9b) to the left from the
corresponding curves. Formally, this can be 
explained in a way that at | | > 0.979 the 
coefficient b is positive, and at b  > 0 
the Re

c2 4

cr value becomes positive. It seems to 
be related to the fact that an additional flow
initiated by the rotor of electromagnetic force,
which is in proportion as to D A2 2 2Ha  as 

Fig.V.11. Recr vs.  at injection (a) or suction (b)
of the liquid and at | |  50 (curve 1), 60 (2), 70 (3).
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to the strength of injection | |, prevents the flow break-off. On the other hand, the injection
benefits to the flow break-off from the solid surface. A complicated behaviour of these 
counteracting factors determines the final state of the flow. If predetermine Ha, then, as
follows from Fig.V.11, Recr increases with the growth of | |, i.e., the additional flow 
dominates over the injection. The same takes place at predetermined | | and increasing Ha. 

No sufficient explanation has been 

ial velocity field.

s

ustrated in Fig.V.12. Additionally, the figure shows profiles 

and diffuser) in a radial
agnet

found for the zone of breaking off flow within 
the range of parameters | | and Ha below the 
corresponding curves in Fig.V.9b and
Fig.V.11. The only thing that can be 
emphasized is that in this zone b c2 4  < 0, 
and, probably, the series terms should be 
involved for further analysis. 

Let us analyze the rad
In the confuser flow the velocity field is
determined by three parameters (Re, , )
that complicates its analysis greatly. Therefore,
we consider only the influence of the
parameter at injection or suction of the liquid 
on the distribution of the radial velocity with 
ting features of this distribution are expected 

within the injection parameter range 12/  < < 0, and the values of  and Re are the 
following:  100, Re  –125. 
 Calculations of f are ill

Fig.V.12. Profiles of radial velocity in a) confuser and b) diffuser flows at |Re|  125 and  100. Curve
enumeration corresponds to  –0.5 (curve 1),  –1 (2),  –6/  (3),  –3 (4),  –12/  +0.05 (5),

 –4 (6).
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Fig.V.13. Distribution of the radial velocity at
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 100, Re  –125 within the range of positive :
 0.5 (curve 1); 1 (2); 6/  (3); 3 (4); 12/ + 0.05

(5); 4 (6).

predetermined Re and . The most intere

f  for the diffuser flow as well, which also show the break-off zones. 
A common feature of the flow with injection (both confuser

m ic field is that the radial velocity considerably exceeds its value in the most of the flow 
zone at / 2  (at infinite distance from the flown over surface), if compared to the case of 
azimuthal magnetic field (see subsection V.2). However, most surprising is the influence of 
the radial magnetic field on the confuser flow. For the sign (–) (confuser) we then have

rfVr /|Re| , and, since in the most of the flow f  < 0 (for curves 2-6 in Fig.V.12 ), in
e., the liquid moves opposite to the in flow. This can be explained only 

by the action of emrotF , which drives an additional flow opposite to the main liquid flow. 

In the area with positive (suction) the confuser flow is always no breaking-off,

this area Vr > 0, i.

yet,

ma

the radial velocity values in the near-wall zone greatly exceed its value in infinity
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)2(f 1 (Fig.V.13).

Some words about the diffuser flow at large | |, to which dependencies Recr ( )

V.4. Circular MHD analogue of the Couette flow in the non-inductive approach 

Let us consider a circular MHD analogue of 

correspond (see Fig.V.9b). With some predetermined Ha, the behaviour of the radial velocity 
field is the following: the near-wall flow zone at relatively small Re values (Fig.V.14 ) has a
flow running opposite to the main flow, moreover, the stronger suction ( > 0), the stronger 
the reverse flow. At large Re, the increase of suction results in an opposite effect (Fig.V.14b), 
therefore, the no-breaking off flow might also be driven (curve 3 in Fig.V.14b). Similar
features takes place in the radial velocity field at injection ( < 0) of the liquid (Fig.V.14c,d). 

The Reynolds values 125 and 500 have been chosen because (see Fig.V.9 and
Fig.V.11) at  10, Re  125 corresponds to the breaking off flows at any | |, and at Re 
500 the flow can be as breaking off as no-breaking off that is determined by the value of | |.
The pre-breaking off state of the flow is determined by  60 and  –65. 

the Couette flow, which schematically is shown in 
Fig.V.15. From the hydrodynamic viewpoint, it
means that the hydrodynamic stream function reads 
(15)

)(rRk ,

where 2/ rrr  (  is defined below),  that 

r

r2 constk

corresponds to the set velocity field 
,0 RkVVr 2/ .

The magnetic stream function reads (99) 
DBA )(20 ,

i.e., the external magnetic field is expressed as:

Fig.V.14. Distribution of the radial velocity in the diffuser flow at Ha = 10 in the area of large | | and at
Re  125 ( , ), Re  500 ( , ). a) and b) correspond to positive ; c) and d) to negative . Curve enumeration
corresponds to | |  50 (curve 1), 60 (2), 70 (3).
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0,/ 2 B .

It follows from the type of the hydrodynamic stream function that only circles 

rrDABr

constr  can 
serve as boundaries of the flow area, where  is constant and magnetic force lines 20

const are rays  const. 
So, the problem formulation implies a flow between two co-axial cylindrical walls of 

diira  and 2r rr ,which in a general case rotate with different angular velocities 11r 21  and

2  in arbitrary directions, in a radial magnetic field (Fig.V.15). 
The equation of motion reads: 

E E R
r

R

r
2 2 1
( ) Ha 2 ,

where 2
2

2
0

222Ha rBDA , hence, the ratio  is a typical magnetic field 

e.

boundary conditions are

2/ rDA

0B valu

The 21121111 )()( rrRkrrrrV  and )( 2rV

222 )1( rRkr . If assume 212 rrk , i.e., k  – , the above conditions become2
21r

11)( rrR , R m , where( )1 12 /m . e i

conservation in circular cross-sections must b

Besides, th ntegral equation of flowrate

e used  const: 

Q V d r
k

r2 1
2

1

r
r R d r r R d r

r r r1 1 12
2 1 2 .

If introduce a mean velocity 2/)( 2211cp rrV , we have

2/)() rrrrQ ( 122211  and the integral equation reads )()1( 1rRR

2/)1()( 11 rmr .
So, the equation of motion must be solved at 

r r m r( ) ( ) ( ) /1 1 11 2 .
In the following, bars above non-dimensional values are omitted. 

d equation allows a

R r r R m R R( ) , ( ) , ( )1 1 1 1

The equation of motion can be once integrated; the derive R F

order drop. To transform this equation to an Euler equation, its right-hand part m
omitted by using some partial solution. Here of importance is whether  0 or  0. 
 If  0, we have a partial solution F A r r1 2

ust be 

ln / , and by substituting F F1

ence, a commothe equation transforms to an Euler equation, h n solution is
DrCrBrrrAR ln28)ln2( 222 .

 If  0, a partial solution is 2
1 HaArF  and, by substituting ArF 2

1 Ha ,
ral solution likwe have an Euler equation with a gene e:

Dr
C

r
B

r
A

R
2Ha112 2Ha11

222
Ha11Ha11Ha2

.

Boundary conditions for integration constants at  0 provide: 

B
r

m r
A1 2 2r r

1 21
2 1 1 1( l ,n ) C

r A1
2

A
m r

r r r

4 1

2 1
1

1 1 1
2

( )

ln ( )r
m r

1
2 11

1
2

( ln ) , .

The same conditions at  0 also provide an exact solution. 
6. At small Ha numbers, the Velocity profiles at 0 are displayed in Fig.V.1

distribution of V  over the radius is almost linear and, as Ha increases, it becomes S-shaped 
(Fig.V.16 ) that is typical of a plane MHD Couette flow [46] at any ratio of angular velocities 
m 2 1/  (Fig.V.16b). Only at m  1 the radial magnetic field does not affect in any way 

lid-body rotation of the liquid. Velocity profiles in this problem explicitly show 
the formation of narrow boundary layers at the rotating walls. Herewith, neither conditions are 
the quasi-so
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set in the equations, i.e., exact equations are solved. This example shows that the boundary 
layer solutions can be derived from the solutions of exact equations by tending the problem
parameters towards some critical values. In this case, the formation of boundary layers is 
ensured as by increasing the Hartmann number (magnetic field increase) as the rate of 
cylinder rotation. 

For the friction on the walls RrRkrV
rrw 1

2
2

2,1
, the 

following exact formulae can be derived: 
at  0 

)1ln2()1(

1ln)1(2)12(2222
)(

11
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1
2

111
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1
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rrrrrrmrrrr
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.

 At large  and with account for r1 < 1 the latter two formulae are simplified:

11 +1Ha)1(1)( rmrR , 11 +1Ha)1()1( rrmmR ,
the second terms in which determine the m etic field contribution into the friction on the 

V.5. Circular MHD flow between rotating cylinders with suction/injection 

The problem considered in subsection V.4 can be generalized for a case when 
ction

agn
walls. As seen, in the circular analogue of the Couette flow, the friction on the walls is 
proportional at the first power of Ha similar to the plane analogue of this flow [46]. 

in the non-inductive approach 

su /injection of the same liquid, which is between two rotating cylinders, takes place 
through the cylindrical surfaces. In this situation, along with the external radial magnetic field 

rABr , as in V.4, an azimuthal magnetic field rBB  can be used, which can be 

 a linear current circuit on the symmetry a an electric current uniformly
distributed over the inner cylinder and directed along the z-axis. The above magnetic fields 
agree with the magnetic stream function 

20

induced by xis or by

rBA ln .
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Fig.V.16. Azimuthal velocity distribution in the circular MHD Couette flow at r1  0.5: ) m  –2 and 1
(curve 1), 5 (2), 10 (3), 20 (4), 100 (5); b)  100 and m –10 (curve 1), –5 (2), –2 (3), 2 (4), 5 (5), 10 (6).
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The velocity field components in an assumption of uniform suction/injection 
distribution on the cylindrical surfaces and their 
independence of the coordinate  must be
determined by a more general that in V.4 type of 
the hydrodynamic stream function 

CrRk .
Then

V
C

r rr

2

1
, V

k

r
R r

2

,

where 2rrr  (the de-dimensionalization has 

dditionally assume , where 

been done over the radius of the outer cylinder). 
Schematically, this flow is illustrated in

Fig.V.17.

If a C

 is the parameter of injection (s r
suction (sign (–)) through the inner cylinder,
k

ign (+)) o

, A r2 0B , B r2 1B , where 0B  and B1  are 

agnetic fields, respectively, then the equation of 
motions reads (the bar above the non-dimensional magnitudes is omitted):
the typical values of radial and azimuthal m

RrRrRrRrRrRrRr IV 23234 22

0HaHa2 222
RrRr .

Here, Ha2 2
2

2
0 rB  is a Hartmann number derived from the typical value  of the radial 

ld, and

B0

magnetic fie 2
210

2
a rBB  is a Hartmann number derived fr the typical

values of radial ( 0B ) magnetic fields. The choice of sign in front of 

H om

and azimuthal ( B1)
2

Ha

in the equation of motion is deter ined by mutual orientation of the magnetic f
components, while the sign in front of Ha

m ield
2  is determined from the fact that the direction of

the radial magnetic field itself has no influence because of the quadratic parameter Ha in the 
equation of motion. 

The boundary conditions for the discussed problem are:

11
1

rV
rr

, 22
2

rV
rr

; 1
1

rV
rrr , 2

2
rV

rrr ,

where  is the magnitude characterizing the strength of injection/suction. For the 
hydrodynamic stream function, these boundary conditions read 

1111
2

21 Re rrrrR , 22
2

21 rR Re .

Here, Re1 and Re2 are the Reynolds numbers calculated by the angular velocities of the inner 

condi

and outer cylinders, respectively, moreover, these numbers can be both positive and negative.
A positive value of any Re means that a corresponding cylinder rotates anticlockwise, a 
negative value means that it rotates clockwise. The signs (+) or (–) in this situation denote the 
direction of cylinder rotation: (–) the cylinder rotates clockwise; (+) the cylinder rotates
anticlockwise.

Since to define the velocity field it is necessary to derive a solution for the function
r( ) ,R it is enough to set only one additional condition. As such a condition, we can accept a 

tion of conservation of per second liquid flowmeter per ring unit length along the z-axis
in the cross-sections  const because it does not depend on the liquid suction/injection: 

)()1(const
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Fig.V.17. Schematic presentation of the
MHD flow with suction/injection.
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Introducing a mean flowmeter velocity 2)(
21

cp rrrr
VVV , yields the 

required third condition 
21ReRe1 12111 rrrRR .

The problem has an analytical solution. 
The results of calculations of the function (– R r( ) ), which determines the azimuthal

velocity, are presented in Figs.V.18 – V.20. Calculations were performed for cases, when the 
radius of the inner cylinder is twice less than the radius of the outer cylinder (r1  0.5) and the 
cylinders rotate in opposite directions with equal angular velocities (Re1  10, Re2  –10). If 

the angular velocity of, e.g., the inner cylinder changes in sign and absolute value, then, as 
numerical experiments show, the point of measure (count) of the velocity profile at r r1

0.5 shifts due to this change, not changing the general character of the profile behaviour at 

varying ,  and 2Ha
2

Ha . The same can be referred to the variation of the angular velocity of
the outer cylinder.
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Fig.V.18. Azimuthal velocity profiles vs. different directions of the azimuthal magnetic field

determined by the value of suction/injection, at Ha2 = 100.  ) 2
Ha  = +100; b) 2

Ha  = –100.
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Fig.V.19. Azimuthal velocity profiles vs. the value and direction of the azimuthal magnetic field at a
predetermined value of the radial field, at Ha2  100.

From the definition of  and 2Ha
2

Ha  it follows that the radial magnetic field
direction is in principle insignificant because this field component is quadratic in the equation 

of motion. As to 

rB

Ha
2

, then, due to the fact that it is defined by the product of Br and , a 

corresponding term in the equation of motion affects the flow field due to the mutual
orientation of these fields. The results presented in Figs.V.18 – V.20 are referred to the 
positive direction of the radial magnetic field – from the symmetry axis. In this case, the sign

(–) in front of 

B

Ha
2

 denotes the clockwise direction of the azimuthal magnetic field, the sign 
(+) indicates anticlockwise direction. It follows from Fig.V.18 that in the absence of
suction/injection (  0) the radial magnetic field forms a S-shaped profile of the azimuthal
velocity, typical of MHD Couette flow. Suction (– ) of the liquid away from the inner 

cylinder with the direction of azimuthal magnetic field corresponding to + Ha
2

 sharply
decreases the azimuthal velocity in the vicinity of this cylinder (Fig.V.18a), even to the point 
that the rotation of liquid changes its direction. 
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At the outer cylinder, over the surface of which the liquid is injected, an opposite process 
takes place at this time. Injection (+ ) through the inner cylinder first makes the velocity 
profile straight, as if minimizing the action of the radial magnetic field, and then, as grows,
causes formation of zones at the both cylinders, where the angular velocity of rotation of 
liquid exceeds the angular velocities of the cylinders’ rotation.
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Fig.V.20. Influence of the radial magnetic field on the azimuthal velocity for different directions of the
azimuthal magnetic field and suction/injection.

) + 10, Ha 2  + 100 ; b)  + 10, Ha 2  – 100;

c)  – 10, Ha 2  + 100 ;  d)  – 10, Ha 2  + 100.

If change the direction of the azimuthal magnetic field (– Ha
2

), the above process of
velocity profile deformation takes place in the reverse sequence (Fig.V.18b).

With the same predetermined value of the radial magnetic field ( 2  100) and 

injection of the liquid through the inner cylinder, the increase of Ha
2

 value at (+) provides
almost the same result (Fig.V.19 ) like the increase of the injection value at the 

predetermined Ha
2

 (Fig.V.18 ), and the sign (–) provides a result similar to the increase of
suction value (- ). If the liquid is suctioned through the inner cylinder (Fig.V.19b), the 

influence of the value and sign of the parameter Ha
2

 is opposite to injection. Similar to the 
situation illustrated in Fig.V.18, liquid zones are formed with typical much higher angular 

velocities of the cylinders’ rotation at injection Ha
2

 0, or zones with the reverse rotation of 

the liquid at 
2

Ha  0. Suction of the liquid changes the result to opposite. 
Finally, the increase of the radial magnetic field at the predetermined parameters of 

suction/injection  and 
2

Ha  minimizes their influence: at Ha2  1 a flow core is formed,
which is almost alike for the parameter values chosen as illustrations in Fig.V.20; the velocity 
profiles become S-shaped, typical of the MHD Couette flow, with the formation of 
pronounced boundary layers near to the rotating surfaces. 

The influence of radial and azimuthal magnetic fields and suction/injection on the
flow has been analyzed. Trajectories of particle motion in the liquid have been obtained at 
different combinations of suction/injection and magnetic fields. 

The friction of the rotating walls is 
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In general, the values of w on the inner r = r1 and on the outer r = 1 cylinders can be 
obtained by differentiating the derived solutions. Let us analyze the influence of each 

parameter Ha, Ha  and  increase on the friction. 
With the limit at , we get the values of Ha R  on the rotating walls correct to the

order of terms 22
HaHa :
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Fig.V.21. Friction on the inner (left-hand side) and on the outer (right-hand side) cylinders vs. Ha
at different . 10Ha .2

The terms of order 22
HaHa  must be kept because the increase of  means 

the simultaneous increase of 

Ha2 ~ Br

2

Ha
2

~ B Br , therefore, these terms decrease only at 

predetermined and B  with a growing Br and only like . This explains the situation in 

Fig.V.21, where curves  and 

1
rB

5.0R R 1  plotted for moderate Ha values clearly show the

influence of suction/injection  on the friction on the rotating cylindrical surfaces. With
predetermined  and B  and at Ha , a strong radial magnetic field completely minimizes
the azimuthal magnetic field and parameter presence. This also agrees with the behaviour of 

the velocity field at  (Fig.V.20). As to the parameterHa Ha
2
 influence, it should be

said that, firstly, such influence manifests itself only in combination with Ha
2

 (see the

equation of motion) and, secondly, at predetermined values of Br the friction varies linearly

with the growth of B , and, besides, such variation is determined by the mutual orientation

of , B  and Br.

Conclusions

The goal of the current work is to generalize and methodically arrange the methods
allowing to derive self-similar solutions for hydrodynamic and magnetohydrodynamic
problems in the precise formulation and in the boundary layer approximation.

It has been shown by the thesis author and by other authors that the application of the 
self-similar approach yields similar equations, which differ only in coefficients. It means that
a universal equation, or a set of equations can be derived, which describe all possible self-
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similar solutions in a given system of coordinates, where the coefficients are determined by 
the conditions of a definite problem under solution. 

The results of the performed investigations allow the following conclusions. 
I. Hydrodynamics.
Precise Formulation: 

1. A universal self-similar equation has been derived in the Cartesian coordinates, 
which describes all possible in such formulation plane problems; an exact equation is 
derived describing plane problems, which can be solved by the method of separation 
of variables that, as the author knows, has been done for the first time.

2. It has been shown that it is impossible to transform the Navier-Stokes equations to a 
self-similar ones in the polar coordinates; the method of variable separation allowed 
to derive some versions of the equations determined by the variables r  and , and 
their possible solutions have been analyzed. 

3. Three possible versions of self-similar solutions and two solution versions have been 
derived by the method of separation of variables in the cylindrical coordinates in the 
precise axisymmetric formulation.

4. The impossibility to transform the Navier-Stokes equations to their self-similar form
in the axisymmetric formulation in the spherical coordinates has been proved; it is
shown that by applying the method of variable separation, the axisymmetric
equations in precise formulation can be transformed only to equations relative to 
variable .

Boundary Layer Approximation: 
1. In the polar and spherical (axisymmetric formulation) coordinates it has been found 

impossible to transform the Navier-Stokes equations to boundary layer equations; the 
only way to derive such equations is to tend the parameters, characterizing the
problem, towards some critical values. 

2. In the Cartesian coordinates, a universal self-similar equation has been derived, 
which describes all possible in this formulation plane flows in the boundary layer 
approximation; it has been shown that there is no ground to explicitly apply the 
method of variable separation, but there is a version at which the derived equation 
corresponds to the method of variable separation, and, besides, this equation is not 
only a boundary layer equation but also an exact equation, too. 

3. In the cylindrical coordinates, 11 versions of problem derivation have been obtained 
in an axisymmetric formulation in the boundary layer approximation (with account
for azimuthal rotation); 2 versions of the above eleven had not been considered 
previously and have no precise physical interpretation (as the author knows, the
problem has not been analyzed in detail previously); as to the Cartesian coordinates, 
there is no ground to apply the method of variable separation, but five of the above 
eleven versions are, in fact, the separation of variables and exact equations as well. 

II. Magnetohydrodynamics
Precise Formulation: 

1. For plane flows in the Cartesian coordinates it has been shown that the application of 
the self-similar approach makes possible to describe only those problems, where the 
magnetic field does not affect the velocity field; by applying the method of variable 
separation it is possible to solve problems, where the velocity field interacts with the
magnetic field (this version has not been considered anywhere before). 

2. In the polar coordinates, it is possible to derive equations in precise formulation only 
relative to the variable r.

3. In the cylindrical coordinates, in an axisymmetric case, it is possible to derive five
versions of the solution, three of which correspond to the method of separation of 
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variables.
4. In the spherical coordinates, in an axisymmetric case, it is possible to derive only the 

equations relative to the variable .
5. The non-inductive approximation for all four systems of coordinates has been 

considered.
6. It is possible to derive a magnetohydrodynamic solution in the non-inductive 

approximation in the Cartesian coordinates only by the method of separation of 
variables, not by the self-similar method, that has been done by the author. It has
been shown that the only magnetic field, which affects the velocity field, is a 
magnetic field with a neutral point. 

7. In the polar coordinates in the non-inductive approximation, a class of applicable 
external magnetic fields has been revealed; the author has analyzed some versions of 
the applicable magnetic fields and presented schemes of force line distributions for 
them; also, universal equations relative both to r and  variables have been derived; a 
version has been found allowing to transform the Navier-Stokes-Maxwell equations
into ordinary differential equations not by separating the variables, but by choosing 
another stream function related to the problem geometry.

8. In the non-inductive approximation in the cylindrical coordinates for an 
axisymmetric case possible types of external magnetic fields have been found, which 
allow to transform the equations with partial derivatives into ordinary differential
equations in all five versions; some fields have been interpreted from the physical 
point of view. 

9. In the non-inductive approximation, in the spherical coordinates for an axisymmetric
case, applicable distributions of electric and external magnetic fields have been 
obtained.

Boundary Layer Approximation: 
1. The equations only in the Cartesian and cylindrical coordinates have been considered 

because they agree with the equations in precise formulation in both the polar and the
spherical coordinates; the precise formulation free of any assumptions for 
electromagnetic forces and the non-inductive approximation have been considered, 
too.

2. In the Cartesian coordinates in the precise boundary layer approximation
formulation, two versions of self-similar equations have been derived, one of which 
is universal; applicable magnetic fields in the non-inductive approximation have 
been defined and physically interpreted. The author has found a version, which 
allows to derive an equation, which simultaneously is both an exact and an equation 
in the boundary layer approximation; this version corresponds to the method of 
variable separation, and the only applicable magnetic field is the magnetic field with 
a neutral point. 

3. In the cylindrical coordinates for an axisymmetric case, 9 possible versions of the 
boundary layer solution with account for the azimuthal rotation in precise 
formulation have been considered; as a result, it has been found that only in 7 of the 
above versions the magnetic fields affects the velocity field; acceptable distributions 
of electric current and magnetic field have been determined for all cases. 

4. In the non-inductive approximation in the cylindrical coordinates, also nine possible 
versions of self-similar solutions in the boundary layer approximation have been 
discussed; in this case, all nine versions describe the MHD flows; applicable 
magnetic field and their physical interpretations are analyzed for all nine versions. 

For all the above discussed versions, equations or sets of equations have been derived, 
which can be used for solving definite problems without additional transformations. For this
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purpose, it is enough to choose a stream function with reference to the geometry of the flow 
zone and other problem conditions. All necessary parameters in the equations are derived by 
simple substitution of coefficients, entering into the stream functions. In other words, the
obtained results can be used as some reference book, allowing to avoid calculations of the 
same type. No complete classification has been provided earlier. Previously, detailed, yet, less 
complete systems had been proposed in monographs [43], [70] and [72], but the first two 
monographs restricted their consideration to the spherical and cylindrical coordinate systems.

Section V deals with the problems, which have been resolved in the framework of the 
proposed approach. The solution of some known problems allows to compare the proposed 
approach with the previously applied methods and estimate its efficiency. 

Some new results of the problems’ solution discussed in Section V are the following. 
1. The problem of MHD flow in diffuser/confuser in an azimuthal field determines the

dependence of friction on the wall on the angle of diffuser/confuser opening, and for
the diffuser flow a new dependence between the Hartmann number, which 
characterizes the magnetic field, and the critical Reynolds number, at which the flow 
breaks off from the diffuser wall, has been found. This dependence differs from the
one considered in [67] in a way that there is a dependence on the angle of confuser
opening and that the critical Reynolds number quadratically, not linearly as in [67], 
depends on the Hartmann number.

2. The problem of MHD flow with suction/injection of a plate in the azimuthal
magnetic field investigates a possibility of flow break-off at the varying magnetic
field induction and suction/injection intensity. It has been found that for the confuser 
flow at any combinations of the magnetic field and suction/injection, no break-off 
takes place, but a reverse flow is driven. For the diffuser flow, dependencies of the
critical Reynolds number, at which the flow breaks off, on the Hartmann number and 
suction/injection intensity have been found. 

3. The problem of MHD flow with suction/injection on a plate in a radial magnetic field 
also investigates the possibility of flow break-off. In this case, the break-off is
possible in both diffuser and confuser flows that is determined by a flow induced by 
the rotor of electromagnetic force. Ranges of the Hartmann number values and
suction/injection intensities have been defined, at which the flow does not break off. 
Two zones of no-breaking off flow have been found, one of which is determined by 
large enough intensities of suction/injection. 

4. The study of the problem of circular MHD analogue of the Couette flow has
provided exact solutions as for the radial magnetic field as for pure hydrodynamics.
Exact solutions were obtained and the friction of the walls was calculated. The 
asymptotics of friction has been found at the increase of the Hartmann number
towards infinity. The formation of a boundary layer has been shown as with the 
increase of the Hartmann number, i.e., when the radial magnetic field becomes
stronger, as at variations of the cylinders’ rotation rate. 

5. The study of the circular MHD flow between two rotating cylinders with 
suction/injection has provided an exact solution for the velocity field. The influence
of suction/injection strength and radial and azimuthal magnetic fields at a constant
ratio of rotational velocities on the flow was investigated. The interaction of external
magnetic fields and suction/injection was analyzed; the trajectories of particle motion
in the liquid were plotted, and the friction on the rotation walls was calculated. It 
occur that due to the presence of two independent magnetic field components, two 
Hartmann numbers can be considered, one of which depends only on the radial 
magnetic field value, the other is caused by a combination of radial and magnetic
fields. The variation of these magnitudes significantly affects the flow velocity
profile and drives a reverse flow, too. 
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